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Future surveys will access large volumes of space and hence very long wavelength fluctuations of the matter
density and gravitational field. It has been argued that the set of secondary effects that affect the galaxy distri-
bution, relativistic in nature, will bring new, complementary cosmological constraints. We study this claim in
detail by focusing on a subset of wide-area future surveys: Stage-4 cosmic microwave background experiments
and photometric redshift surveys. In particular, we look at the magnification lensing contribution to galaxy clus-
tering and general relativistic corrections to all observables. We quantify the amount of information encoded
in these effects in terms of the tightening of the final cosmological constraints as well as the potential bias in
inferred parameters associated with neglecting them. We do so for a wide range of cosmological parameters,
covering neutrino masses, standard dark-energy parametrizations and scalar-tensor gravity theories. Our results
show that, while the effect of lensing magnification to number counts does not contain a significant amount of
information when galaxy clustering is combined with cosmic shear measurements, this contribution does play
a significant role in biasing estimates on a host of parameter families if unaccounted for. Since the amplitude
of the magnification term is controlled by the slope of the source number counts with apparent magnitude,
s(z), we also estimate the accuracy to which this quantity must be known to avoid systematic parameter bi-
ases, finding that future surveys will need to determine s(z) to the ∼5-10% level. On the contrary, large-scale
general-relativistic corrections are irrelevant both in terms of information content and parameter bias for most
cosmological parameters, but significant for the level of primordial non-Gaussianity.
I. INTRODUCTION
In the next decade, we expect to map out the large scale
structure of the Universe with exquisite precision. In doing
so it will be possible, for the first time, to access information
on the largest possible scales – the scale of the cosmological
horizon. It has been shown that, on those scales, a number
of general relativistic effects come into play [1–4]. Such ef-
fects might, conceivably, lead to additional and complemen-
tary information to that obtained on the usual scales probed
by current surveys (. 100h−1 Mpc).
General-relativistic effects are more significant on large
scales; unfortunately there are fewer modes to sample and cos-
mic variance severely limits our ability to detect these effects
in the standard way. Indeed, it has been shown that from auto-
correlations alone (i.e. from the power spectra of individual
tracers) it is impossible to detect these effects with any statis-
tical significance [5], and the only way to measure them is via
cross-correlations of data sets, through what has been dubbed
the multi-tracer technique [6]. It has been shown that a ju-
dicious choice of future surveys can be combined to obtain a
moderate to high significance detection of general relativistic
effects [7, 8].
Common sense would dictate that the various, novel, ef-
fects that have been identified need to be taken into account if
we are to constrain cosmological parameters from future sur-
veys. Indeed, it has been shown that some of these effects can
play a significant role and bias the outcomes of cosmological
parameter estimation. We highlight two cases: constraints on
primordial non-Gaussianity and the impact of lensing magni-
fication on galaxy number counts.
∗Electronic address: christiane.lorenz@physics.ox.ac.uk
If primordial fluctuations were non-Gaussian, it has been
shown that one should expect corrections in the small k (large
wavelength) part of the galaxy power-spectrum through scale-
dependent biasing [9, 10]. This effect, in which the bias pa-
rameter gets a correction ∆b ∝ 1/k2, can be confused with
some of the general relativistic effects [11]. Thus a correct ac-
counting of both scale dependent biasing and general relativis-
tic effects must be adopted in any analysis of long wavelength
modes.
Alternatively, it has been well established that lensing will
affect measurements of the galaxy distribution through, for
example, magnification bias [12]. Lensing may have a sig-
nificant effect on all scales and it has been shown that if it is
not correctly included, it may lead to significant biases in es-
timates of cosmological parameters such as the neutrino mass
scale [13] or the dark energy equation of state [14].
In this paper we will systematically explore the role that
general-relativistic effects (and large scale modes) play on
cosmological parameter constraints. Our focus will be on the
importance of lensing correction (following up on the work of
[13, 14]) and on the combined general relativistic corrections
to galaxy number counts. We will use a Fisher matrix analy-
sis to quantify the importance of these effects on the forecast
errors and on the potential measurement bias of cosmological
parameters from a selection of Stage IV experiments. We will
be comprehensive in our analysis of cosmological parameters
in that we will include the standard set of ΛCDM parameters
but also encompass a time-varying equation of state for dark
energy, the mass of neutrinos, primordial non-Gaussianity and
scalar-tensor extensions to the theory of gravity.
We structure this paper as follows. In Section II we briefly
recap the effects that we will be studying and discuss the
methodology that we will use. In Section III we explain the
various parts that go into the Fisher matrix formalism for fore-
casting and how it can be used to quantify potential biases
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2in the analysis. We then, in Section IV, systematically work
through the different combination of data sets and cosmolog-
ical parameters to build up a comprehensive analysis of the
role these effects will play in future surveys. In Section V we
discuss the results of our analysis.
II. OBSERVABLES AND LARGE SCALE EFFECTS
The goal of modern cosmology is to map out the large-scale
structure of the Universe. To do so, observers try to quantify
the statistical properties of the distribution of matter by ei-
ther studying the spatial distribution of bright objects (such as
galaxies) or diffuse gas, or by measuring the effect of gravita-
tional potentials on the propagation of light emitted by distant
sources. Key to such observations is to accurately character-
ize the redshifts and directions of photons that propagate from
cosmological distances to observing instruments. From these
properties, one can infer the density perturbations, observable
volume distortions and perturbed photon paths.
A key quantity is the fluctuation in the number density of
galaxies at a particular solid angle and at a particular redshift.
The corresponding observable, ∆N(z, n̂), consists of a number
of terms which can be schematically written as [2, 4]
∆N ≡ ∆D+∆RSD+∆L+∆GR (1)
where “D” stands for density perturbations, “RSD” stands for
redshift space distortions, “L” stands for lensing magnifica-
tion and “GR” stands for general-relativistic corrections. The
first three terms are dominant and play a role on all scales –
they are, at most, weighted by linear factors of H /k where
H is the conformal Hubble factor and k is the wavenum-
ber of the perturbation. The general-relativistic corrections
include large-scale velocity terms and terms involving the
gravitational potentials and their derivatives (akin to the in-
tegrated Sachs-Wolfe [15] effect and the Shapiro time delay
[16], found in other settings). The “GR” terms are typically
weighted by factors of (H /k)2. The exact expressions for all
these terms can be found in Appendix A.
Redshift space distortions, or the “Kaiser effect” (see [17])
are currently the method par excellence for measuring the
growth rate of structure, f = d lnδM/d lna (where δM is the
matter density contrast and a is the scale factor) [18]. These
distortions arise from the peculiar velocity sourced by the
local gravitational potential which induce shifts in the rela-
tionship between the distance and redshift of any particular
galaxy. The interplay between the RSD term and the den-
sity contrast involves the clustering bias, b, which relates the
number density with fluctuations in the comoving-gauge mat-
ter perturbations. As such, measuring the growth rate will in-
volve assumptions about the tracer being considered and can,
potentially, be amenable to multi-tracer techniques [6].
We will pay particular attention to the magnification term,
the most significant effect after RSDs and already well mea-
sured by multiple analyses [19–24]. This magnification bias
depends on the slope of the physical number density of
sources, ¯N (η ,L > L∗), as a function of conformal time η
and intrinsic luminosity L∗, as:
s≡ 5
2
∂ ln ¯N
∂ lnL∗
. (2)
This correction arises because of the presence of matter over-
densities along the photon path, on the one hand stretching
the observed separation between galaxies (and therefore sur-
pressing the observed number density) and on the other hand
boosting the observability of faint galaxies which otherwise
would have fallen below the detection threshold [25]. As we
shall see (and as was pointed out in [13, 14]), this term can
play a significant role in biasing the estimates of cosmologi-
cal parameters.
The GR effects are subdominant and only really emerge on
the largest scales (as can be seen in Appendix A). There are
a few main things to note which will become important when
discussing the methodology and results. First of all, the fact
that they are weighted by (H /k)2 means that they come in
with a similar scale dependence as the scale dependent bias
arising from primordial non-Gaussianity. Second, some of the
terms depend on the slope of the background number density
of sources as a function of time, the evolution bias:
fevo ≡ ∂ ln(a
3 ¯N )
∂ lna
(3)
Given this, it has been shown [7, 8] that GR effects are
amenable to the use of multitracer techniques for mitigating
cosmic variance and that, with the appropriate choice of fu-
ture data sets, it may be possible to detect them at the ∼ 10σ
level.
III. METHODOLOGY
A. The space of parameters
In this work, we will consider a number of different cosmo-
logical models in order to make a broad and general statement
about the impact of the lensing and general-relativistic effects
on the estimation of cosmological parameters.
As a first model we choose the standard extension to
ΛCDM including non-zero neutrino masses ∑mν and a time-
varying equation of state for dark energy. The latter is
parametrized by w0 and wa [26] as w(a) = w0 + (1− a)wa.
This model also includes the standard cosmological param-
eters (fractional density of dark matter Ωcdmh2 and baryons
Ωbh2, the local normalized expansion rate h, the amplitude
of primordial scalar perturbations As, the scalar spectral in-
dex ns and the optical depth to reionization τ). For these pa-
rameters, apart from τ , we will take the best-fit values from
the Planck 2015 analysis [27] as our fiducial cosmology. We
will also take a fiducial τ = 0.06 from the latest measurement
from Planck [28]. So far, only lower and upper limits for
∑mν are known. Whereas the currently best upper limits on
∑mν come from cosmology [27, 29, 30], the mass differences
between the neutrino mass eigenstates have been measured
3in neutrino oscillation experiments. Here we will conserva-
tively use ∑mν = 0.06 eV as a fiducial value for the total neu-
trino mass, corresponding approximately to the current lower
bound on the total neutrino mass sum from summing the mass
differences [31]. Finally, our fiducial dark energy equation of
state will correspond to a cosmological constant with w0 =−1
and wa = 0.
Our second model will extend the previous one with the di-
mensionless parameter fNL that describes the amount of non-
Gaussianity in the primordial density field produced in many
inflation scenarios. Specifically we will focus on the case of
local non-Gaussianity [32], in which fNL is defined through
Φ(x) =ΦG(x)+ fNL(Φ2G(x)−〈Φ2G〉), (4)
where Φ is the primordial gravitational potential and ΦG is
a Gaussian random field. Thus, the primordial gravitational
potential can be described as the sum of a linear term and a
non-linear one. The current constraint on the local value of
fNL from the Planck satellite is 2.5±5.7 [33]. Although mea-
surements of the cosmic microwave background anisotropies
will be most helpful in determining the value of fNL [34], its
effects on large-scale structure [9, 10] are one of the most
promising ways to improve current constraints. More specif-
ically, primordial non-Gaussianity induces a correction in the
Gaussian bias bGX of each tracer X [9, 10]
∆bX (z,k) = 3 fNL
[bGX (z)−1]ΩmH20δc
(T (k)D(z)k2)
(5)
where Ωm is the fraction of the matter density of the total en-
ergy density in the Universe, δc ' 1.686, D(z) is the linear
growth factor, H0 the value of the Hubble constant today and
T (k) the matter transfer function. As fiducial value for fNL
we choose fNL = 0.
In these two models General Relativity is still the under-
lying theory of gravity. For our third model, and in order to
explore the role of relativistic effects in constraining devia-
tions from GR, we will consider scalar-tensor theories within
the Horndeski class of models [35, 36]. As proposed by [37],
these models can be described through a number of general
time-dependent functions αM , αK , αB, αT and M∗ in addi-
tion to the standard ΛCDM parameters (we refer the reader
to the reference above for further details). These functions
parametrize the time variation of Newton’s constant (M∗ and
αM), the form of the scalar kinetic term αK , the mixing be-
tween the scalar field and the scalar perturbations αB and the
speed of propagation of tensor modes αT . In order to curb the
freedom allowed by this parametrization we constrained the
time-dependence of the α functions to be of the form:
αX (z) = cX
ΩDE(z)
ΩDE(z= 0)
, (6)
where ΩDE(z) is the fractional energy density of the dark en-
ergy component. Furthermore, as in [38, 39] we will only
consider cM , cB and cT as free parameters, since cK and M∗
cannot be constrained by current [38] or future data1. As fidu-
cial values we chose cB = 0.05, cM =−0.05 and cT =−0.05,
in order to stay close to ΛCDM as a fiducial cosmology while
avoiding the singularity at cX ≡ 0.
B. Fisher matrix forecasting formalism
We produce our forecasts using a Fisher matrix approach.
We follow the formalism of [5], which incorporates the joint
constraining power of multiple experiments and tracers of the
matter distribution2. Each tracer contains a set of sky maps
corresponding to e.g. different redshift bins or the different
Stokes polarization parameters in a CMB experiment. In total,
the combination of all tracers will observe a number of Nmaps
maps that can be described by their harmonic coefficients aa,i`m,
where a and i label the tracer and map number respectively.
We group these harmonic coefficients into a vector a`m and
define the power spectrum C` as the covariance of this vector:
〈a`ma∗`′m′〉= δ``′δmm′C` (7)
We assume that the aa,i`m are Gaussian-distributed and that thus
their likelihood is given by
−2lnL = ∑` fsky 2`+12
[
`
∑
m=−`
a†`mC
−1
` a`m
2`+1
+ ln(det[2piC`])
]
(8)
By expanding this likelihood around the maximum we find
that the covariance of the maximum-likelihood estimate of a
set of parameters θα can be approximated by the inverse of
the Fisher matrix Fαβ . This matrix can be computed as:
Fαβ =
lmax
∑
l=2
fsky
2`+1
2
Tr
[
(∂αC`)C−1` (∂βC`)C
−1
`
]
(9)
where fsky is the fraction of the sky observed.
The power spectra were computed with a modified version
of CLASS [40–42], and the derivatives in Eq. 9 were esti-
mated via central finite differences:
∂α f =
f (θα +δθα)− f (θα −δθα)
2δθα
+O(δθ 3α). (10)
The final parameter uncertainties are computed from the in-
verse of F.
Besides the parameter uncertainties for a given setup, we
also estimate the bias on those parameters arising from ne-
glecting to account for a given relativistic effect in the theo-
retical calculation of the power spectra. In order to do so, we
follow a similar method based on expanding the likelihood
1Fortunately these parameters are not significantly degenerate with the rest,
and therefore can be safely kept fixed without affecting the forecast con-
straints [39].
2The software used to produce these forecasts can be found at https://
github.com/damonge/GoFish.
4around the maximum. The approach is similar to that of [43–
45]. As in [13], we compute an “observed” power spectrum
Cobs` , where all relevant effects are included in the calculation,
and a “theoretical” power spectrum Cth` , where a given effect
(e.g. lensing magnification or the contribution of large-scale
GR effects) is not incorporated. Likewise, we define θinf,α
as the “inferred” values of the cosmological parameters from
the incorrect likelihood, and θtrue,α as the true underlying pa-
rameters. The maximum-likelihood value for θα is derived by
maximising the likelihood in Eq. 8, and therefore we obtain:
〈∂αχ2(θinf)〉 ≈〈∂αχ2(θtrue)〉
+ 〈∂α∂β χ2(θtrue)〉(θtrue−θinf) = 0
(11)
Taking vα =−〈∂αχ2(θinf)〉 and approximating3
〈∂α∂β χ2(θinf)〉 ≈ Fαβ , (12)
we obtain the bias on each cosmological parameter θα :
∆θα = (F−1 ·v)α , (13)
where the entries of v are given by
vα =
`max
∑`
=2
fsky
2`+1
2
Tr
[
(∂αC`)C−1` ∆C`C
−1
`
]
, (14)
and ∆C` = Cobs` −Cth` .
C. Upcoming surveys
We will perform our forecasts for two complementary
Stage-IV experiments with optimal area overlap: CMB S4 and
LSST. Together, they will offer at least four different cosmo-
logical tracers: CMB primary and lensing, cosmic shear and
galaxy clustering, the latter two encompassing several redshift
bins. The assumptions used to model these experiments are
described here. In all cases we correctly account for all corre-
lations between different tracers.
1. CMB Stage 4
In the mid 2020s, the current ground-based CMB facil-
ities such as Advanced ACTPol [46], SPT-3G [47], BI-
CEP2/Keck [48] or the Simons Array [49] will be super-
seded by a CMB Stage 4 (S4) experiment [50], combin-
ing the efforts of multiple ground-based instruments. S4
will be able to derive cosmological constraints from a num-
ber of probes, including the primary CMB anisotropies in
temperature and polarization, the CMB lensing convergence,
Sunyaev-Zel’dovich cluster number counts and other sec-
ondary anisotropies. Of these, our forecasts will include the
3see appendix B for details
first two, given their relative robustness to astrophysical sys-
tematics. Following [51] we model S4 as an experiment map-
ping 40% of the sky with an rms noise sensitivity of 1µK-
arcmin in temperature and a 3arcmin full width at half max-
imum beam. Given the important systematic uncertainties
on large scales faced by ground-based experiments (associ-
ated for instance to atmospheric noise or ground pickup),
we further assume that S4 will only be able to effectively
cover the multipole range 30 < ` < 3000 in temperature and
30 < ` < 5000 in polarization (with the lower small-scale cut
in temperature motivated by the effect of astrophysical fore-
grounds). On ` < 30 we supplement S4 with large-scale data
from Planck [52] with the corresponding noise level. Al-
though we model the noise contribution to the CMB power
spectrum as white, the atmosphere generates a non-trivial
noise structure on large scales, especially in temperature. The
cosmological parameters considered here are however mostly
constrained from the high-` CMB power spectrum, and there-
fore our forecasts should not be strongly affected by this.
It is worth noting that the validity of the Fisher matrix ap-
proach can be particularly sensitive to the degeneracies be-
tween different parameters (both in terms of predicted uncer-
tainties and biases). Of particular interest are the existing de-
generacies between As, τ , ΩM and ∑mν , one of the main ob-
stacles to measuring neutrino masses given the currently large
uncertainties on τ from Planck [28, 51]. In order to verify that
our results are not significantly affected by numerical insta-
bilities associated to these degeneracies, we have recalculated
our forecasts supplementing S4 on ` < 30 with an optimal fu-
ture satellite mission with a sensitivity of 4µK-arcmin in tem-
perature. This setup is able to reach a cosmic-variance-limited
error on τ , and therefore significantly reduce these parameter
correlations. Doing this we verified that the results shown in
Section IV are stable with respect to parameter degeneracies.
2. Large Synoptic Survey Telescope
The Large Synoptic Survey Telescope [53] will carry out
a 10-year deep and wide imaging survey of the southern sky,
reaching a limiting magnitude of r ∼ 27 over ∼ 20,000deg2.
The use of photometric redshifts (photo-z) to obtain approxi-
mate radial coordinates will allow LSST to obtain cosmolog-
ical constraints from a number of probes. These will include
tomographic galaxy clustering and cosmic shear, galaxy clus-
ter counts, type Ia supernovae and strong lensing. In particular
the complementarity between clustering and lensing make the
joint analysis of these two probes the most promising source
of cosmological information for LSST, and therefore our fore-
casts are based on these. We base our modelling of both trac-
ers on the treatment of [5], which we describe briefly below.
a. Galaxy clustering. In this case the most relevant ob-
servable is the shape of the angular power spectrum or corre-
lation function of the galaxy distribution. The standard way
to analyze it will be in terms of tomographic redshift bins,
including all auto- and cross-correlations between them. We
further separate the clustering sample into two disjoint popu-
lations of “red” (early-type, ellipticals, high-bias) and “blue”
5(late-type, disks, low-bias) galaxies. The specific models used
for the signal and noise power spectra, redshift distributions
and nuisance parameters are described in detail in [5].
The relation between the galaxy and matter power spec-
tra is expected to be well-approximated by a linear “cluster-
ing bias”, scale-independent, factor b(z) on large scales. Our
forecasts therefore marginalize over the value of this quan-
tity defined, for each galaxy sample, at a discrete set of nodes
in redshift (with the full b(z) function reconstructed by inter-
polating between these nodes, see [5] for details). This ap-
proximation is, however, bound to fail on small scales, where
non-linear, scale-dependent corrections, as well as stochastic
contributions, should be taken into account. This makes the
analysis of galaxy clustering on small scales very unreliable
and often unusable for cosmology. In order to avoid these
complications we define, for each redshift bin, angular scale
cuts within which the corresponding map is used. At the me-
dian redshift of the i-th redshift bin zi we compute a threshold
comoving scale kimax defined as the cutoff scale for which the
variance of the linear matter density contrast on larger scales
is below a given threshold σ2thr, i.e:
σ2thr =
1
2pi2
∫ kimax
0
dkk2P(k,zi). (15)
This comoving scale is then translated into an angular multi-
pole `imax = χ(zi)kimax. For our fiducial forecasts we used a
threshold variance of σthr = 0.75.
b. Cosmic shear. The effect of weak gravitational lens-
ing observed through the projected shapes of galaxies is a di-
rect, unbiased probe of the intervening matter distribution. As
such, cosmic shear observations are a potentially strong cos-
mological probe. The constraining power of this probe is con-
tained in the power spectrum of the traceless part of the cos-
mic shear tensor for galaxies lying in a set of photo-z bins. As
described in [54], we model the galaxy sample used for cos-
mic shear after the so-called “gold sample” [53], correspond-
ing to galaxies with magnitude i < 25.3. We refer the reader
to [54] for further details on this sample definition as well as
the form of the lensing power spectrum assumed in this analy-
sis. We use a constant minimum scale `max = 2000 for cosmic
shear in our forecasts.
Both galaxy clustering and cosmic shear suffer from a num-
ber of sources of systematic uncertainties beyond those de-
scribed above, such as photo-z uncertainties, the effect of
intrinsic alignments or baryonic uncertainties in the matter
power spectrum. In order to simplify the analysis we have
neglected these systematics4. The final constraints on cosmo-
logical parameters depend critically on these uncertainties, as
well as on the range of angular scales included in the analysis.
The absolute forecast constraints on cosmological parameters
reported in the next section should therefore not be taken at
face value, but rather interpreted in terms of the relative in-
4The conservative scale cuts used here have been shown in [39] to be robust
against the impact of baryonic uncertainties.
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FIG. 1: Forecast 1σ contours for Σmν , w0 and wa from LSST clus-
tering only (orange ellipses) and LSST clustering + LSST shear +
S4 (cyan ellipses) in the fiducial case without lensing magnification
or GR effects. The thin solid and dashed ellipses correspond to the
1σ contours after including the lensing contribution to the clustering
power spectrum in the same two cases respectively. The black cir-
cle and square show the bias associated with ignoring the presence
of lensing magnification (again in the same two cases). In all cases
the impact of GR effects is negligible, and therefore we have not
included the corresponding ellipses in this figure.
formation gain associated to the magnification and relativistic
effects, as well as the associated relative biases.
IV. RESULTS
This section explores the relevance of the magnification
bias and the other sub-dominant relativistic corrections to the
number counts power spectrum. Here “relevance” will be
evaluated in terms of both the information content (i.e. con-
straining power on particular cosmological parameters) and
the associated systematic (i.e. possible bias on the same pa-
rameters) of these effects. The results will be presented for
three different families of parameter spaces. These results are
summarized in Table I, which we describe below. It is worth
noting that, even though we only report the bias associated
to the parameter listed in this table, neglecting lensing mag-
nification and GR effects also leads to biases in other stan-
dard ΛCDM parameters. We do not report these here, and
rather concentrate on the parameter spaces that future large-
scale structure facilities will target specifically.
A. Impact on dark energy and neutrino mass
As has been previously shown by [13], neglecting the lens-
ing magnification effect can significantly bias the estimation
of the total sum of neutrino masses ∑mν . Our analysis here
extends this study to the dark energy equation of state param-
eters, w0 and wa, since they have been shown to be degenerate
6all tracers LSST galaxy clustering
Parameters improvement bias from improvement bias from improvement bias from improvement bias from Max. error
on σ from magnification on σ from GR effects on σ from magnification on σ from GR effects on s(z)
magnification GR effects magnification GR effects
wCDM
∑mν < 1% 320% < 1% 3% 2% 255% < 1% 3% 9.8%
wa < 1% -203% < 1% < 1% 8% 125% < 1% -2% 5.6%
w0 < 1% 261% < 1% -3% 2% -269% < 1% 6% 4.2%
Horndeski
cM < 1% 175% < 1% -7% 3% 139% < 1% < 1% 22%
cB < 1% 573% < 1% 1% 76% 104% < 1% -5% 11%
cT < 1% -237% < 1% 8% 7% -66% < 1% < 1% 23%
non-Gauss.
fNL -2% 17% -3% -45% -2% 168% -6% 7% N.A.
TABLE I: Summary of results: improvement on the 1σ uncertainties, and parameter bias associated to the contributions of lensing magni-
fication and GR effects to the number counts power spectrum. The left set of columns corresponds to the combination of all tracers (LSST
clustering, LSST shear and S4), while the right columns correspond to LSST clustering only. Note that all results are shown as a relative
improvement or bias, normalized by the fiducial 1σ uncertainties (which are different in these two cases). The three sets of rows correspond to
the three parameter families studied here: wCDM+mν (top), Horndeski models (middle) and primordial non-Gaussianity (bottom). Note also
that the constraints on fNL and Horndeski models are also marginalized over Σmν . The last column shows, for all tracers jointly, the maximum
systematic error on s(z) that can be allowed to avoid a bias on each parameter larger than its 1σ uncertainty.
with ∑mν [55] (see also [14], where w0 and wa were studied
independently of ∑mν ).
In addition to this, the combined analysis of galaxy cluster-
ing and cosmic shear data is known to be of great use in break-
ing degeneracies to constrain these parameters [56]. This is
relevant for two reasons: on the one hand, it is worth explor-
ing to what extent the lensing information contained within
the magnification bias contribution to galaxy clustering can
also be used to break these same degeneracies in lieu of cos-
mic shear [14]. On the other hand, since cosmic shear is a
direct probe of gravitational lensing, it is interesting to study
whether any biases associated with neglecting the magnifica-
tion bias term could be mitigated by including cosmic shear
information.
Finally, although the large-scale relativistic effects are
known to be barely measurable, our treatment will allow us
to explore their impact on constraints and systematic biases.
The results are shown in Figure 1, where the orange ellipses
show the 1σ contours using only clustering information from
LSST and the cyan ellipses correspond to the full constrain-
ing power of LSST clustering, LSST shear and S4 (includ-
ing primary CMB and lensing). The thin solid and dashed
ellipses correspond to the constraints after accounting for the
contribution of magnification to clustering in the same two
cases respectively. Although using only clustering informa-
tion the magnification term does improve constraints slightly
(up to 8% in the marginalized uncertainties), the improvement
is absolutely negligible when including all other cosmological
probes.
In the same plots, the filled circles and squares show the
forecast bias on the same parameters, both for clustering alone
and including all probes respectively. Although the inclusion
of CMB and shear data reduces the size of the bias, the faster
improvement in the constraints makes the significance of this
bias worse. It is worth pointing out that the direction of the
bias changes after including new probes, due to the change in
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FIG. 2: Same as Figure 1 for the Horndeski parameters cB, cM and
cT .
direction of the different degeneracies.
We have also evaluated the information content (i.e. im-
provement in constraints) of the GR terms as well as the pa-
rameter bias they induce. The information content is com-
pletely negligible, with an improvement in the 1σ uncertain-
ties well below 1% in all cases. The bias associated with the
omission of these terms is equally negligible, with a maximum
fractional bias of 6% with respect to the standard deviation in
the case of w0 when only galaxy clustering data are taken into
account. These biases are further suppressed when including
other probes.
7B. Impact on scalar-tensor theories
As shown in the previous section, the secondary clustering
anisotropies (lensing and GR effects) do not contain signif-
icant extra information in terms of final constraints on cos-
mological pararameters for standard departures from vanilla
ΛCDM. One could however argue that the true constraining
power of these relativistic terms would be realized on actual
modifications of GR [57], and therefore it is relevant to ex-
plore this possibility. To that end we have repeated the same
Fisher analysis on the Horndeski parametrization of scalar-
tensor gravity theories described in Section III A.
The results are shown in Figure 2 using the same color cod-
ing as Fig. 1. Interestingly, when including only clustering
information we observe a large improvement in the constraint
on cB, and no real improvement on cT and cM . An inspec-
tion of the correlation coefficients between different parame-
ters reveals that the inclusion of magnification is able to break
strong degeneracies between cB and the nuisance galaxy bias
parameters, as could have been expected given that lensing
effects trace the dark matter perturbations directly, and there-
fore marginally help constraint b(z). In all cases, the bias as-
sociated with the lensing term is of the same order as the 1σ
uncertainty when using only clustering information, smaller
than the case explored in the previous section. These results
change, however, when all probes are included simultane-
ously: the relative constraining power of the magnification
term becomes negligible in the presence of cosmic shear and
CMB, while the improvement in the final constraints brought
about by these probes makes the bias associated to the lensing
term significant at the 5σ level for cB.
Regarding the relevance of the other GR effects, we find
the same results obtained in the previous sections: these terms
do not significantly improve the final constraints on the Horn-
deski parameters (< 1%), and do not induce a significant bias
(∼ 8% of σ at worst).
C. Impact on primordial non-Gaussianity
Except for the magnification lensing term, all other rela-
tivistic corrections to the number counts power spectrum dom-
inate on horizon-sized scales. Therefore, although these ef-
fects seem to be irrelevant on the standard cosmological pa-
rameters explored in the previous sections, any parameter sen-
sitive to the clustering pattern on large scales may be more af-
fected by them. This is the case for the effects of primordial
non-Gaussianity on the clustering pattern of biased tracers, as
discussed in Section III A. We have therefore carried out the
same Fisher analysis done in Section IV A including fNL as a
free parameter.
The results are shown in Figure 3 as 1D posterior distri-
butions for fNL marginalized over all other parameters (in-
cluding w0, wa and Σmν ). Before discussing the relevance of
the lensing and GR effects it is worth inspecting the improve-
ment on σ( fNL) from the inclusion of different probes. Here
we have considered the cases of the blue and red clustering
samples individually, the combination of both and the addi-
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FIG. 3: Forecast distribution for fNL for LSST red galaxies (red),
blue galaxies (blue), the combination of both in a multi-tracer sense
(black) and the combination of LSST galaxy clustering, LSST cos-
mic shear and CMB S4 (orange). The bias on fNL associated with
the GR effects, corresponding to fGRNL ' −0.7 is shown as a vertical
dashed line
tion of external datasets (weak lensing and CMB data). For
the blue and red samples, as well as their combination, we re-
cover the same result obtained in [7]: the red sample alone
does not yield competitive constraints given its small volume
coverage (σ( fNL|red) ' 7), while the higher number density
and volume of the blue galaxies allows for a more interesting
bound (σ( fNL|blue) ' 2). The combination of both samples
yields a slightly better constraint due to the multi-tracer ef-
fect, and the addition of external datasets improves it further
σ( fNL|all tracers)' 1.5, mostly due to the improved measure-
ment of the galaxy bias.
When switching on the lensing and GR effects we observe
no significant improvement or degradation in σ( fNL). On
the other hand we observe that GR effects cause a bias of
∼ 50% for the combination of all tracers5, corresponding to
an effective value of fGRNL ' −0.7. This is in agreement with
[11, 58–60]. Although this may not be a concern for the ex-
perimental setup considered here, other experiments targetting
fNL explicitly, such as SPHEREx [61], may need to account
for these relativistic corrections. Magnification lensing, on
the other hand, causes a much smaller effect, given its scale
dependence. In the absence of CMB or cosmic shear mea-
surements, we observe however a large bias on fNL (of order
1σ ) induced by magnification lensing. This is caused by the
biased estimation of the galaxy bias parameters, which affect
the amplitude of the correction due to fNL if magnification is
5Note that this value is found after marginalizing over all other cosmological
and nuisance parameters. However, the result holds also under the assumption
that all parameters other than fNL are known.
8not taken into account (see also [62]).
D. Impact of magnification uncertainties
In the previous sections we have seen that the magnifica-
tion term is important and can significantly bias cosmological
parameter estimates if unaccounted for, as has also been pre-
viously shown by Refs. [13, 14]. Since the amplitude of the
magnification term depends on the slope of the source num-
ber counts with apparent magnitude (see Eq. 2), an outstand-
ing question is how well s(z) needs to be measured in order to
avoid a significant bias (> 1σ ) from the magnification-related
uncertainties alone. In order to test this, we have recomputed
our forecasts for both the wCDM+Σmν and Horndeski mod-
els, this time using a theoretical power spectrum that includes
magnification bias with our fiducial model for s(z), and an
observed power spectrum in which we increase s(z) by 10%.
This then allows us to estimate the parameter bias associated
with a 10% systematic uncertainty on s(z) using the formal-
ism described in Sec. III. We find that the parameters of key
relevance for galaxy clustering (∑mν , w0, wa, cB, cM and cT)
can be significantly biased by uncertainties of this order (e.g.
179% of σ for w0).
These results can be used to quantify the level to which s(z)
must be known to avoid biasing individual parameters. Under
the assumption that the parameter bias ∆θ scales linearly with
the relative systematic error on s, δ s, we can estimate ∆θ for
any δ s in terms of the bias computed in the 10% case ∆θ =
ρ δ s, where ρ ≡ ∆θ/δ s for δ s= 0.1. Then, assuming that we
can at most afford a bias ∆θ = ε σ(θ), where σ(θ) is the 68%
uncertainty on θ and ε ∼ O(1), the corresponding maximum
relative systematic error of s is given by
δ s|max =
ε
ρ
σ(θ). (16)
For ε = 1, the allowed relative uncertainties for the different
parameters are given in the last column of Table I. We find that
s(z)must be correctly determined to the∼ 5% level in order to
avoid significant biases on the dark energy parameters and the
sum of neutrino masses. For the case of Horndeski parameters
this requirement is relaxed to a∼ 10% systematic uncertainty,
but we note that, given the degeneracy between the cX and
other standard cosmological parameters such as h, a system-
atic error on s(z) could propagate into these as well. Consis-
tency studies between different sets of probes will therefore
be vital to detect these and other types of systematics.
V. DISCUSSION
Accurate measurements of the large scale structure of the
Universe are the next frontier of modern cosmology. Maps
of the galaxy and diffuse gas distributions, of the CMB and
of the gravitational potential via weak lensing will be used
to place tight constraints on a plethora of cosmological pa-
rameters. In the past few years we have learnt of the im-
portance of taking into account novel corrections to the ob-
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FIG. 4: Relative degradation in the final constraints associated with
removing all scales larger than a factor λ times the comoving horizon
at the source redshift (the associated angular scales at z= 1 are shown
in the upper twin x-axis). The results are shown for simple extensions
to ΛCDM (upper panel), scalar-tensor theories (middle panel) and
primordial non-Gaussianity (lower panel). Except in the case of fNL,
the information content of the largest scales is heavily suppressed
due to cosmic variance.
servables of large scale structure, specifically through lensing
magnification and GR effects. In this paper, we have investi-
gated how important these secondary corrections to the power
spectrum of galaxy number counts are in terms of informa-
tion content and potential biases to cosmological parameters.
We have explored the relevance of these effects on three dif-
ferent families of cosmological parameters: extensions to the
standard ΛCDM paradigm in the form of massive neutrinos
and time-varying dark energy equation of state, Horndeski-
like parametrizations of scalar-tensor theories, and the large-
scale contribution of primordial non-Gaussianity to the galaxy
power spectrum.
It is natural to split the secondary contributions mentioned
above into two classes: the contribution from lensing magnifi-
cation is relevant on small angular scales and is coherent over
large redshift separations. This contribution is well known
and has been used in the past in different scientific analyses.
We group all other contributions under the umbrella term of
9“GR effects”, given their relevance mostly on large scales, of
the order of the horizon at the redshift of the source.
We have established, in agreement with previous studies
[13, 14], that even though lensing magnification can be de-
tected with high significance, it will not in general contribute
strongly to improve the final constraints on any cosmological
parameter. Although it may be relevant to constrain devia-
tions from modified gravity (e.g. cB in Section IV B) using
only clustering data, its information content is negligible when
combined with cosmic shear and CMB observations. Never-
theless, using a Fisher approach we have shown that it will
be necessary to model and account for this contribution to
the galaxy power spectrum in order to avoid strong biases on
dark-energy parameters and the sum of neutrino masses. The
bias associated with neglecting the effects of magnification is
most relevant when considering clustering alone as a cosmo-
logical probe, and gets reduced considerably after including
shear and CMB. The reduced parameter uncertainties in the
latter case imply that the associated biases are still significant,
however. Our approach also allows us to quantify the level
to which the number counts slope s(z) must be known in or-
der to avoid significantly biasing the most relevant late-time
cosmological parameters. We find that s(z) must be known
at least the ∼ 5% level, in rough agreement with [14]. An
MCMC-based approach will be able to fully test the extent of
these biases in a realistic scenario. On the other hand, and as
expected given the scale dependence of the lensing contribu-
tion, this effect should not have a strong impact on the inferred
value of fNL given expected uncertainties.
The GR effects, on the other hand, are known to have a
sub-dominant amplitude and, as expected, we find that they
will have a negligible impact on both the uncertainty and bias
on most cosmological parameters. The only exception to this
is the level of primordial non-Gaussianity, given the similar
scale dependence of these effects and the ∼ 1/k2 contribu-
tion of fNL. We find that the GR effects could induce a bias
on this parameter of the order of fGRNL ∼ 0.7, in agreement
with previous estimate of the amplitude of these contribu-
tions. This is comparable to the uncertainty on fNL expected
from LSST, and will therefore be relevant for future experi-
ments specifically targeting this science case. We emphasize
though that systematic effects that may cause correlated fluc-
tuations in the homogeneity of the galaxy sample (e.g. depth
variations, dust extinction, star contamination) will need to
be carefully treated in order to minimize their impact on the
large-scale galaxy power spectrum, thus preserving this sen-
sitivity of galaxy surveys to fNL. Since the amplitude of the
GR effects depends on the value of the magnification and evo-
lution biases s(z) and fevo(z), the uncertainties on these quan-
tities may hamper our ability to reach optimal constraints on
fNL or mitigate the associated bias on this parameter. This
underpins the need to quantify the luminosity and time depen-
dence of the background number density of sources for future
Stage-IV surveys, already noted in the literature (e.g. [14]) in
the context of the impact of lensing magnification on standard
cosmological parameters.
It is also worth mentioning that, even though these GR ef-
fects are one of the few manifestly relativistic contributions
to the power spectrum, and therefore may potentially con-
tain valuable information to constrain departures from Gen-
eral Relativity, we find that their constraining power on mod-
ified gravity theories is negligible. This can be easily under-
stood in terms of the scales involved: even if a given modified
gravity theory could generate a significant difference in any
of these GR terms, these effects are only relevant on horizon-
size scales, and therefore their information content is heavily
suppressed by cosmic variance. This can be explicitly verified
by re-running these forecasts cutting out the largest scales and
comparing the results with our fiducial predictions. To do so,
for each redshift bin i with a median redshift zi, we define a
minimum scale `min(zi,λ ) as the Fourier scale corresponding
to the angular size of the horizon at that redshift divided by a
factor λ :
`min(zi,λ ) = λ χ(zi)
H(zi)
1+ zi
(17)
Figure 4 shows the increment in the uncertainty of differ-
ent cosmological parameters associated with the loss of these
large scales as a function of λ . The results were obtained
for the combination of LSST clustering, shear and CMB S4.
We observe that, even removing scales that are 1% the size of
the horizon, the degradation in the final constraints is at most
∼ 20% for all cosmological parameters, with the exception of
fNL.
On a different front, one might hope that the inclusion of
the lensing magnification term in the number counts might
mitigate some systematic uncertainties - specifically, it might
help to pin down galaxy bias. And indeed, in the analysis of
Horndeski theories, we have shown that including that term
significantly changes the uncertainty in cB by breaking some
of its degeneracies with the galaxy bias parameters. While this
is the case, it is not accompanied by a substantial reduction
in the uncertainties in these parameters; the reduction in the
uncertainty is of the order of a few percent.
One interesting aspect that we have not explored is the im-
portance of the effects studied here in cross-correlations be-
tween the Integrated Sachs-Wolfe (ISW) effect and number
counts [63]. This measurement could be particularly relevant
to constrain modified gravity theories [64]. In principle the
non-inclusion of the GR terms could bias estimates of cosmo-
logical parameters although this should strongly depend on
the scales which are included in the standard analysis. We
leave a systematic analysis of the ISW effect for future work.
Finally, it is worth stressing the fact that the results pre-
sented here are applicable to the combination of CMB and
photometric galaxy samples assumed. Spectroscopic surveys,
on the other hand, might be able to detect some of the GR
effects studied here on intermediate scales as a local dipole
in the cross-correlation function of different galaxy samples
[65]. Although this is a challenging measurement [66, 67],
it would be important to further understand its constraining
power.
With this paper we have assessed the importance of rela-
tivistic effects on cosmological parameter estimation with a
particular emphasis on extensions of ΛCDM. Our understand-
ing of the impact of these effects on the analysis of future data
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will allow us to reap the rewards of the next generation of cos-
mological surveys.
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Appendix A: Complete expressions for the corrections to the number counts of galaxies
The linear-order expression for the transfer function of number-count fluctuations in the i-th redshift bin, characterized by a
radial selection function Wi(z), is given as a sum over 10 different terms [40]:
∆D,i` (k)≡
∫
dη bW˜i δM(k,η) j`(kχ(η)), ∆
RSD,i
` (k)≡
∫
dη (aH)−1W˜i(η)θ(k,η) j′′` (kχ(η)), (A1)
∆L,i` (k)≡ `(`+1)
∫
dη W˜Li (η)(φ +ψ)(k,η) j`(kχ(η)), ∆
V1,i
` (k)≡
∫
dη ( fevo−3)aHW˜i(η) θ(k,η)k2 j`(kχ(η)), (A2)
∆V2,i` (k)≡
∫
dη
(
1+
H ′
aH2
+
2−5s
χ aH
+5s− fevo
)
W˜i(η)
θ(k,η)
k
j′`(kχ(η)), (A3)
∆P1,i` (k)≡
∫
dη
(
2+
H ′
aH2
+
2−5s
χ aH
+5s− fevo
)
W˜i(η)ψ(k,η) j`(kχ(η)), (A4)
∆P2,i` (k)≡
∫
dη (5s−2)W˜i(η)φ(k,η) j`(kχ(η)), ∆P3,i` (k)≡
∫
dη (aH)−1W˜i(η)φ ′(k,η) j`(kχ(η)), (A5)
∆P4,i` (k)≡
∫
dη W˜P4i (η)(φ +ψ)(k,η) j`(kχ(η)), ∆
ISW,i
` (k)≡
∫
dη W˜ ISWi (η)(φ +ψ)
′(k,η) j`(kχ(η)). (A6)
Here, j`(x) is the spherical Bessel function of order `, and we have defined the window functions
W˜i(η(z))≡Wi(z)
(
dη
dz
)−1
, W˜Li (η)≡
∫ η
0
dη ′W˜i(η ′)
2−5s(η ′)
2
χ(η)−χ(η ′)
χ(η)χ(η ′)
,
W˜P4i (η)≡
∫ η
0
dη ′W˜i(η ′)
2−5s
χ
, W˜ ISWi (η)≡
∫ η
0
dη ′W˜i(η ′)
(
1+
H ′
aH2
+
2−5s
χ aH
+5s− fevo
)
η ′
.
The quantities δM , θ , φ and ψ above are transfer functions for density perturbations in the comoving synchronous gauge, for the
velocity divergence in the conformal Newtonian gauge and for two metric potentials in the same gauge6.
Of the 10 terms in Eq. A1 above, ∆D, ∆RSD are the dominant density and redshift-space distortions terms respectively, ∆L is
the contribution of lensing magnification and we have grouped the remaining 7 terms under a single “GR effects” contribution
∆GR in Eq. 1.
6The conformal Newtonian gauge is defined by the line element ds2 =−a2(η) [(1+2ψ)dη2− (1−2φ)δi jdxidx j ].
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Appendix B: Details of the bias calculation
In section III B, we approximate 〈∂α∂β χ2(θobs)〉 as Fαβ around the inferred (and possibly biased) parameters (here χ2 ≡
−2logL ). We show here why this approximation is valid at the linear level. Differentiating equation 8, we find
∂αχ2 = ∑` fsky 2`+12
[
Tr(C−1` ∂αC`)−∑
m
a†`mC
−1
` ∂αC`C
−1
l a`m
2`+1
]
(B1)
∂α∂β χ2 = ∑` fsky 2`+12
[
Tr(C−1` ∂α∂βC`)−Tr(∂αC`C−1` ∂βC`C−1` )−∑
m
a†`mC
−1
` ∂α∂βC`C
−1
l a`m
2`+1
+∑
m
a†`mC
−1
` ∂αC`C
−1
l ∂βC`C
−1
l a`m
2`+1
+∑
m
a†`mC
−1
` ∂βC`C
−1
l ∂αC`C
−1
l a`m
2`+1
]
(B2)
Since 〈a† a〉= Cobs` , we find the expectation value
〈∂αχ2〉=−∑` fsky 2`+12 Tr(C
−1
` ∂αC`C
−1
` ∆C`), (B3)
where we have defined Cobs` ≡ C`+∆C`. This yields the expression for the vector v given in equation 14. For the second
derivatives we find
〈∂α∂β χ2(θobs)〉= ∑` fsky 2`+12
[
Tr(C−1` ∂αC`C
−1
` ∂βC`)+Tr(Kαβ ,`∆C`)
]
(B4)
where Kαβ ,` is given by
Kαβ ,` ≡ C−1` ∂αC`C−1` ∂βC`C−1` +C−1` ∂βC`C−1` ∂αC`C−1` −C−1` ∂α∂βC`C−1` . (B5)
Therefore, if ∆C` ≈ ∂αCl · (θ obsα −θ thα ), the second term in Eq. B4 is of second order and we can approximate 〈∂α∂β χ2(θobs)〉
as Fαβ .
